Abstract. In this note we extend connectedness results to formal properties of inverse images under proper maps of Schubert varieties and of the diagonal in products of projective rational homogeneous spaces.
Introduction
That small codimension subvarieties Y in a sufficently positive variety X inherit some of the properties of X is a well know phenomenon. In this note we study the formal properties of small codimension subvarieties in projective rational homogeneous spaces. Indeed, many of the geometric properties of a subvariety Y in X can be encoded in the algebraic tubular neighbourhood X Y of Y in X. In particular if K(X Y ) is the ring of formal functions of X along Y (see Definition 1.1), then, for X normal, the subvariety Y is connected if and only if K(X Y ) is a field. If furthermore K(X Y ) is isomorphic to the field K(X) of rational functions, then Y is called G3 in X. In this note we prove the G3 property for some small codimension subvarieties in projective rational homogeneous spaces.
More precisely, let G be a reductive group, let P be a parabolic subgroup and let X = G/P . Denote by X P (w) the Schubert varieties in X (see below for more details). We define (see Definition 2.1) admissible Schubert subvarieties X P (v) in X P (w) and prove Theorem 0.1. Let f : Y → X be a proper morphism and let
Applying this result we obtain formal properties of the inverse image of the diagonal in partial flag varieties: let X = F((a i ) i∈ [1,r] ; V ) be a variety of partial flags in V (see Section 2.2) and let H be a hyperplane of V . Write ∆ H for the diagonal in F((a i ) i∈ [1,r] ; H) × F((a i ) i∈ [1,r] ; H) and ∆ for the diagonal in X × X.
Notation. We work over an algebraically closed field k of characteristic 0. Let G be a reductive group over k and let T be a maximal torus of G. Let B a Borel subgroup containing T and P a parabolic subgroup containing B. Denote by W and W P the Weyl groups of G and P and by W P the set of minimal length representatives of W/W P . The B-orbit closures in X are called Schubert varieties and are indexed by elements w ∈ W P . We write X P (w) for the corresponding Schubert variety. Given α in the root system of (G, T ), denote by U (α) the corresponding unipotent subgroup and by s α the corresponding reflection in W .
We write Σ(P ) for the set of simple roots α such that U (−α) is not contained in P . Define S P (w) as the stabiliser in G of X P (w). Then S P (w) is a parabolic subgroup of G containing B. Set Σ P (w) = Σ(S P (w)). For more details on rational homogeneous spaces and algebraic groups, we refer to [2] and [6] respectively.
1. Preliminaries regarding the G3 property 1.1. Ring of formal functions. Let X be a scheme and Y be a closed subscheme defined by the sheaf of ideals I. The ring K(X Y ) is in general not a field. However we have the following result. Proposition 1.2 (see [1, Corollary 9 .10]). Let X be an algebraic variety and let Y be a closed subvariety X. Let u :
There is a natural morphism α X,Y :
We shall also use the following two results for proving the G3 property.
1.2. Generating subvarieties. Let X = G/P with G a reductive group and P a parabolic subgroup. Definition 1.6. Let Y be a closed irreducible subvariety in X.
We define G Y to be the subgroup generated by ϕ −1 (G). One easily checks that this definition does not depend on the choice of y.
2. The subvariety Y generates X if G Y = G Proposition 1.7 (see [1, Corollary 13.8]) . A generating subvariety of X is G3. Definition 1.8. A Schubert variety X(t) with t ∈ W P is called minimal generating if t has a reduced expression s β1 · · · s β k such that the roots (β i ) i∈ [1,k] are all simple distinct and Σ(P ) = {β 1 , · · · , β k }. Lemma 1.9. A minimal generating Schubert variety is a generating subvariety.
Proof. Let Y = X P (t) be a minimal generating Schubert variety with reduced expression t = s β1 · · · s β k such that the roots (β i ) i∈ [1,k] are all simple distinct and Σ(P ) = {β 1 , · · · , β k }. We prove by induction on i that U (−β i ) ⊂ G Y .
Let y = t · P ∈ Y and let ϕ : G → X, g → g · y. We have U (−β 1 ) · y = tU (−t −1 (β 1 )) · P and t −1 (β 1 ) = s β k · · · s β2 (−β 1 ). Since all the roots (β i ) i∈ [1,k] are simple and distinct it follows that t −1 (β 1 ) < 0. Therefore
and the result follows by induction.
Results on extension of formal functions
2.1. Extension of formal functions for Schubert varieties. In this section we want to extend a connectedness result from [5] to a result on extension of formal functions.
Definition 2.1. Let w, v ∈ W P , we say that
We extend this result to a result on the G3 property.
Proof. Using Propositions 1.2, 1.5 and 2.2, we may assume that Y is normal. Let
The map p gives Z the structure of a X Q (u)-bundle on X, where X Q (u) is the closure in G/Q of the P -orbit of the Schubert variety
Lemma 2.4. Let X Q (t) be a minimal generating Schubert variety in G/Q and let
Proof. The element t ∈ W Q has a reduced expression s β1 · · · s β k such that the roots (β i ) i∈ [1,k] are all simple distinct and Σ(Q) = {β 1 , · · · , β k }. The Schubert variety X Q (t) is thus the closure of
is admissible, the sets Σ P (w) and
Since Q is the stabiliser of X P (v), we have:
This concludes the proof. Lemma 1.9 implies that X Q (t) is G3 in G/Q and Proposition 1.4 implies that q −1 (X Q (t)) is G3 in Z. Consider g : Z → Z the normalization of Z and let W = f −1 (X P (w)). By Proposition 2.2, we have that
by Lemma 2.4. Applying Proposition 1.5 we get that p −1 (W ) is G3 in Z and that W is G3 in Y .
2.2.
Application to the diagonal of flag varieties. In this section, we prove a G3-Bertini type result for the diagonal of partial flag varieties.
Given a vector space V and a sequence (a i ) i∈ [1,r] of positive integers, we write F((a i ) i∈ [1,r] ; V ) for the variety parametrising partial flags 0 ⊂ E 1 ⊂ · · · ⊂ E r ⊂ V where E i is a vector subspace of V of dimension a i . If dim V = n, we will also denote this variety by F((a i ) i∈ [1,r] ; n). The following result is a variation on a classical trick (see for example [3, Théorème 7 .1]).
Let V be an n−dimensional vector space. Let X = F((a i ) i∈ [1,r] ; V ). Let W = V ⊕ V and p 1 , p 2 : W → V be the projections. These projections induce a rational map p : F((a i ) i∈ [1,r] 
Lemma 2.5. The fiber of p is isomorphic to
In that case G i can be seen as the graph in E i × F i of an isomorphism. Therefore, the whole flag G can be seen as an isomorphism between E r and F r such that the image of E i is F i for all i < r. The result follows.
Let X = F((a i ) i∈ [1,r] ; V ) and let H be a hyperplane of V . Write ∆ H for the diagonal in F((a i ) i∈ [1,r] ; H) × F((a i ) i∈ [1,r] ; H) and ∆ for the diagonal in X × X. We have an inclusion ∆ H ⊂ ∆. Proof. By Proposition 1.2 and 1.5 we may assume that Y is normal. Let p : F((a i ) i∈ [1,r] ; W ) → X × X be the rational map defined above and let ∆ W be the diagonal embedding of V in W = V ⊕ V . Define∆ = F((a i ) i∈ [1,r] ; ∆ W ) . We have a commutative diagram:Ỹf / / p F((a i ) i∈ [1,r] ; W )
